In this paper we prove that the only spherically symmetric black hole solution to the SU͑2͒ Einstein-Yang/Mills equations that has zero temperature at the event horizon is the extreme Reissner-Nordström solution. No assumptions are made on the signs of the metric coefficients, save that the metric has Lorentz signature.
I. INTRODUCTION
Black holes having a degenerate horizon, that is, vanishing surface gravity, ϭ0, are called extremal. In view of Hawking's celebrated formula ͑see Ref. 1͒, 
ϭ2,
where is the temperature at the horizon, this implies that such black holes have zero horizon temperature, and thus do not radiate; ͑however, see Refs. 2 and 3͒. The quantum mechanical stability of extremal black holes makes them very interesting objects, in various contexts. First, they are natural candidates for the final states of the evaporation process. Second, the scattering of quantum fields off extremal black holes can be described entirely within the semiclassical approximation, and this allows one to analyze the information loss in black hole evaporation without confronting the problem of unknown Plank-scale physics. 4 Finally, it was suggested in Ref. 5 that extreme black holes resemble, in a certain sense, elementary particles-in fact, it was recently shown in Ref. 6 that extremal black holes can be identified with elementary string excitations.
In Ref. 7 it was shown that the only black-hole solution of the static, spherically symmetric, coupled Einstein-Yang/Mills ͑EYM͒ equations ͓with SU͑2͒ gauge group͔, which has zero surface gravity, is the extreme Reissner-Nordström ͑ERN͒ solution. More 2 , B(r)ϵ1, w(r)ϵ0, and the YangMills curvature 2-form takes values in the Lie algebra u͑1͒. It was also proved in Ref. 7 that for the metric ͑1.1͒, the surface gravity ϭ0 if and only if AЈ vanishes at the black hole horizon r .
In this paper we shall strengthen the above result, so as to also apply to the interior of a black hole. Namely, we will prove that if (A,w) is a smooth solution of the EYM equations, defined for rϾr , such that A is positive for some large r, and if then again the metric ͑1.1͒ is the ERN metric, w(r)ϵ0, and the Yang/Mills curvature 2-form lies in u͑1͒; cf. Theorem 3.1 The proof of this result is much more difficult than the proof in Ref. 7 , because A(r) is not assumed to be positive for rϾr . Finally, we remark that it was proved in Ref. 10 ; ͑also see Ref. 11͒ , that if A(r )ϭ0 and AЈ(r ) 0, then the singularity in the metric at rϭr can be transformed away by a ''Kruskal-like'' change of coordinates in which the YM field remains well behaved. Moreover, it was proved in Ref. 12 that for the ERN solution, the metric singularity at rϭr can also be transformed away. It thus follows from our result here that for any SU͑2͒ spherically symmetric EYM black hole solution with event horizon at rϭr Ͼ0, the singularity in the metric at rϭr can be transformed away by a change of coordinates, whereby the YM field remains well behaved.
II. PRELIMINARIES
As discussed elsewhere, ͑cf. Refs. 8 and 9͒, the static, spherically symmetric EYM equations, with gauge group SU͑2͒ can be written in the form If "A(r),w(r)… is a specific solution of ͑2.1͒,͑2.2͒, then we write ⌽(r)ϭ⌽"A(r),w(r),r….
III. THE THEOREM
In this section we shall prove the following theorem. Proof of Theorem 1: There are three cases to consider; namely, for r у0, the following occurs.
Case (i).
There is a sequence r n r such that
In this case we say that A oscillates; cf. Fig. 1 .
Case (ii). A(r)Ͻ0
for rϾr , r near r ; cf. Fig. 2 .
Case (iii). A(r)Ͼ0
for rϾr , r near r . As mentioned above, a proof of the Theorem in case ͑iii͒ was given in Ref. 7 , under the additional hypothesis that A(r)у0 for rϾr .
We shall prove that neither of the cases ͑i͒ or ͑ii͒ can occur, and that if case ͑iii͒ occurs, the solution is the ERN solution. The proof is further divided into two subcases; namely either the solution (A,w) is ''smooth up to the boundary;'' i.e., (A,w)(C 1 ϫC 2 )[r,rϩ⑀) for some ⑀Ͼ0, or (A,w) is not smooth at r . The following proposition is subsumed by Theorem 1. The simple proof is given here in order to demonstrate that the difficulties occur when neither A nor w is assumed to be smooth at r .
Proposition 2: Suppose that (A,w)(C 1 ϫC 2 )[r,rϩ⑀) for some ⑀Ͼ0. If ͑3.1͒ holds, then r ϭ1, and the solution is the ERN solution ͑3.2͒.
Before giving the proof, we shall need a preliminary result. 
for some ⑀Ͼ0; this case is far more difficult. Notes. ͑1͒ We do not assume that A or w is smooth at r , nor do we assume that our solution is regular, as in Ref. 10 .
͑2͒ The proof given in this paper is considerably more difficult than that in Ref. 10 because since we allow A to change signs for r near r , the curve "w(r),wЈ(r)… can a priori be ''all over'' the wϪwЈ plane. That is, both A and w can oscillate unboundedly and wЈ can be unbounded. We shall, in fact, show that none of the above can occur; this will require that we ''systematically'' rule out all such pathological behavior.
͑3͒ In what follows, we assume that (A,w) is not the ERN solution, and we shall prove that ͑3.1͒ leads to a contradiction.
Proof of Theorem 1: We begin with the following lemma. Lemma 4: There does not exist a sequence r n r satisfying w(r n ) 2 ϭ1.
Proof: Suppose that the contrary holds. Then, by passing to a subsequence if necessary, we may assume, without loss of generality, that w(r n )ϭ1, and wЈ(r n )у0, for nϭ1,2,... . We claim that for each n, A(r n )р0. To see this, suppose that A(r n )Ͼ0. Then, if wЈ(r n )ϭ0, it follows by uniqueness that w(r)ϵ1 and A(r)ϭ1ϩc/r for some constant c. This violates ͑1.2͒. Thus, we may assume that wЈ(r n )Ͼ0. It follows that the orbit enters the region wϾ1, wЈϾ0, for rϾr n , r near r n , with A(r)Ͼ0. From Ref. 10, Proposition 2.2, it follows that wЈ tends to infinity for some rϾr , so the solution cannot be smooth. This contradiction proves our claim; i.e. A(r n )Ͼ0. Now, since u(r n )ϭ0, ͑2.1͒ gives r n AЈ͑r n ͒ϩA͑ r n ͒ϭϪ2͑AwЈ 2 ͒͑r n ͒ϩ1, and since A(r n )р0, we have r n AЈ͑r n ͒ϩA͑ r n ͒у1.
But this cannot hold for large n, in view of ͑3.1͒.
Corollary 5:
There is an r Ͼr such that w 2 (r) 1 if rϽrϽr. In view of this corollary, we may assume that precisely one of the following holds:
͑3.7͒
In order to consider these cases, we shall need some preliminary results. We begin by noting that from ͑2.1͒, we have
Also, given any ␦Ͼ0, ͑3.1͒ shows that for r near r , rAЈ(r)ϩA(r)ϾϪ␦, and so from ͑3.8͒,
Thus we have the following. Lemma 6: There is an ⑀Ͼ0 such that
Thus AwЈ 2 is bounded from above if r is near r . Our first goal is the show that AwЈ 2 is bounded ͑Proposition 10͒; as a first step in this direction we have the following.
Lemma 7: Let r Ͼ0, and assume that w(r) is bounded for r near r . Then (AwЈ 2 )(r) is bounded for r near r .
Proof: Assume that the result is false. In view of ͑3.10͒, we may assume that there is a sequence r n r such that (AwЈ 2 )(r n )→Ϫϱ. But from ͑2.1͒, we see that if r Ͼ0 and w is bounded, it follows that AwЈ 2 is bounded in view of ͑3.1͒. Lemma 8: Let r у0, and assume that there is an ⑀Ͼ0 such that if r is close to r ,
Then AwЈ 2 has a negative limit at r ͑which may equal Ϫϱ͒, A(r) is negative for r near r , and wЈ 2 (r)→ϱ as r r .
then ͑cf. Refs. 9 and 10͒ f satisfies the equation
Since A(r)→0, as r r , we see wЈ 2 (r)→ϱ. Also, for r near r ,
We shall now show that f Ј͑r͒Ͼ0, if r is near r .
͑3.15͒
To do this, we only consider those r for which r ϽrϽr ͓c.f. ͑3.5͒-͑3.7͔͒.
Suppose first that for all such r, the sequence ͕w 2 (r)͖ is bounded. Then from ͑3.14͒, we have, at such r,
͑3.16͒
If (u/r)wЈ→0, as r r , then ͑3.14͒ shows that (2 f ϩ⌽/r)wЈ 2 ϩ(2u/r)wwЈϽ0, so from ͑3.13͒
we conclude that ͑3.15͒ holds. On the other hand, if lim r r ͉(u/r)wЈ͉ Ͼ 0, then as ͕w(r)͖ is bounded and ͉wЈ(r)͉→ϱ, we see from ͑3.16͒ that ͑3.15͒ holds. Thus, ͑3.15͒ holds if ͕w 2 (r)͖ is bounded near r .
Suppose now that w 2 (r n )→ϱ for some sequence r n r ; we shall show that for large n, ͑3.15͒ holds. Thus, if w 2 (r n )→ϱ, we have, at rϭr n ,
if n is large. Let x n ϭw(r n )wЈ(r n ); then x n 2 →ϱ, and if h(x n )ϭϪx n 2 /2Ϫ2x n r n , then if x n →ϩϱ, h(x n )ϭ(x n /2)(Ϫx n ϩ4r n )→Ϫϱ ͓since u(r n )→Ϫϱ͔, while if x n k → Ϫ ϱ for some subsequence for r near 0.
͑3.23͒
Now, in view of ͑3.19͒ and ͑3.20͒, either lim r 0 wЈ(r) ϭ ϩϱ or lim r 0 wЈ(r) ϭ Ϫϱ. Then, in either case lim r 0 w(r) exists. Suppose first that lim r 0 wЈ(r) ϭ ϱ ͓the case where wЈ(r)→Ϫϱ will be discussed below͔. We consider r in the range 0ϭr ϽrϽr ; cf. ͑3.5͒-͑3.7͒. Then there are three possibilities: w(r) is bounded, lim r 0 w(r) ϭ Ϫϱ, or lim r 0 w(r) ϭ ϩϱ. Note first that since wЈ(r)→ϱ, if w(r)→ϩϱ, then w is bounded near 0; cf. Fig. 3 Thus, for r near 0, ͑3.27͒ and ͑3.22͒ give, for r near 0,
where c is a positive constant. Now let 0ϽtϽs, where s is near 0. Then, from ͑3.28͒ we obtain Also, the orbit cannot stay in the region wЈϾ0 for r near r , for otherwise it would follow that w is bounded near r ; cf. Fig. 3 . Thus the orbit enters the region wЈϽ0, and in view of ͑3.19͒, we may assume that wЈ(r)Ͻ0 if r is near r ; cf. Fig. 4 
͑3.42͒
Proof: First note that wЈ bounded near r implies that w is uniformly continuous near r , so that lim r r w(r) ϭ w exists. Next, since wЈ is bounded near r , ͑2.1͒ shows that lim r r (u 2 /r 2 ) ϭ 1, so ͑3.42͒ holds and u r →Ϯ1, as r r .
͑3.43͒
Now writing ͑3.39͒ in the form
we see that if w 0, lim r r rvЈ(r) ϭ Ϯw , so vЈ is of one sign near r , and using Corollary 11, v is of one sign near r , so ͑3.40͒ and ͑3.41͒ hold. On the other hand, if w ϭ0, ͑3.42͒ implies that r ϭ1, so from ͑3.39͒, we have vЈ͑1͒ϭ0 and vЉ͑1͒ 0. Thus v is again of one sign near r so ͑3.40͒ and ͑3.41͒ hold.
We can now give the following.
Proof of Proposition 13:
The last-lemma implies that A is of one sign near r . If AϾ0 near r , then the result in Ref. 7 ͑cf. the remark after the proof of Proposition 2͒, shows that (A,w) is the ERN solution. Thus we may assume that A͑r ͒Ͻ0, if r is near r ,
͑3.45͒
and we shall show that this leads to a contradiction.
First, suppose that w ϭ0. Then from ͑3.42͒, we see that r ϭ1, and as in the proof of Proposition 2, the solution must be the ERN solution. Thus, we may assume that w 0.
͑3.46͒
Let r Ͻr 2 Ͻr 3 where r 3 is near r . We consider two cases: where the constant is nonzero, in view of ͑3.47͒. Taking the limit r 2 r in ͑3.49͒, and using ͑3.50͒-͑3.51͒ gives the contradiction o͑r 3 Ϫr ͒ϭO͑ r 3 Ϫr ͒.
Now suppose that ͑3.48͒ holds. In view of ͑3.46͒, this means ū ϭ0 so ͑3.42͒ implies r ϭ0. Thus, w ϭϮ1, and, for definiteness, suppose that w ϭ1 ͑the proof for w ϭϪ1 is similar, and will be omitted͒. 
͑3.55͒
Our strategy for completing the proof of Theorem 1 is to first show that Theorem 1 holds, provided that both A(r) and wЈ(r) are of one sign ͑not necessarily the same͒, for r near r , and then to prove that this assumption is always valid. Proposition 15: Assume that wЈ(r) and A(r) each are of one sign for r near r ; then Theorem 1 holds.
Proof: As we have remarked earlier, we may assume that ͑3.45͒ holds, and also in view of Proposition 13, we may also assume that ͑3.55͒ holds. We shall show that our assumptions lead to a contradiction.
First recall that since AwЈ 2 is bounded near r , it follows from Corollary 12 that for r near r , w is bounded, and if r ϭ0, then w 2 (r)→1. Furthermore, as wЈ is of one sign near r , w ϭ lim r r w(r) exists and is finite. We assume for definiteness that wЈ͑r ͒Ͼ0, for r near r ; ͑3.56͒
if wЈϽ0 near r , the proof is similar.
The proof is now divided into two cases: r ϭ0 and r Ͼ0. Case 1. r ϭ0. Since lim r 0 w 2 (r) ϭ 1, ͑3.56͒ implies that for r near 0, either ͑a͒ Ϫ1Ͻw(r) Ͻ0, or ͑b͒ 1Ͻw(r)Ͻ1ϩ⑀, for some small ⑀Ͼ0; cf. Fig. 5 . Now from Corollary 11, v͑0͒ϭ0, and from ͑3.19͒, vЈ(r)Ͼ0, for r near 0, and vЈ͑0͒у0. This implies that v(r)Ͼ0 for r near 0, and this is impossible because AϽ0 and wЈϾ0. Case 2. r Ͼ0. Since w has a finite limit at r , it follows from ͑2.1͒ that lim r 0 (AwЈ 2 )(r) ϭ ϪL, where Lу0. If LϾ0, then wЈ 2 →ϱ as r r , and ͑3.56͒, together with ͑3.39͒ shows that vЈ(r )Ͼ0, for r near r , which is impossible, as we have just seen. Thus we may assume that Lϭ0.
If Ϫ1рw р0, or w у1, then ͑3.19͒ and ͑3.39͒ show that vЈ(r)Ͼ0 for r near r so that if ⑀Ͼ0 is small, we have, for some intermediate point ,
v͑ r ϩ⑀ ͒ϭv͑ r ϩ⑀ ͒Ϫv͑ r ͒ϭ⑀vЈ͑ ͒Ͼ0, and this is a contradiction. Thus, we can assume that w ϽϪ1, or 0Ͻw Ͻ1. Now as Lϭ0, ͑2.6͒ implies that ⌽(r )ϭ0, so ū ϭr . Also, from Refs. 8 and 9, ⌽Ј͑r ͒ϭ 2u
so that ⌽Ј(r )Ͼ0. Thus ⌽͑r͒Ͼ0 for rϾr , r near r , so ͑2.6͒ implies that AЈ(r)Ͼ0 for r near r , and hence as A(r )ϭ0, we get the contradiction A(r)Ͼ0 for r near r . This completes the proof of Proposition 15. Now in view of Corollary 5, we may assume that for r near r , one of the following must hold: 
͑I͒ ͑II͒ ͑III͒
Our objective is to show that in each of these cases, both A(r) and wЈ(r) have fixed signs for r near r . Then Proposition 15 will complete the proof of Theorem 1. We begin with the most difficult case; namely the following.
Case I: w 2 (r)Ͻ1 for r near r . In order to carry out our program in this case, we shall first rule out ''infinite rotation'' of the orbit "w(r),wЈ(r)… about the origin. There are two cases to consider; namely 
͑3.59͒
Also, ͉re Q(r) A(r)͉р͉rA(r)͉, so that re Q͑r͒ A͑r͒→0, as r r .
͑3.60͒
Now if r Ϫ1/r у0, then ͑3.57͒ and ͑3.59͒ imply that for r near r , (re Q A)Ју0, so that for such r,
for some intermediate point . It follows that A(r)Ͼ0 for r near r , and this is contrary to our assumptions; cf. the remark after the proof of Proposition 2.
If r Ϫ1/rϽ0, then a similar argument shows that A(r)Ͻ0 for r near r . Thus from ͑2.7͒, if wЈ(r)ϭ0, then wЉ(r)Ͼ0, for 0Ͻw(r)Ͻ1, and wЉ(r)Ͻ0, if Ϫ1Ͻw(r)Ͻ0; cf. Fig. 8 . Thus, wЈ(r) is of one sign for r near r , contrary to our assumption ͑3.57͒. This completes the proof of Proposition 16.
We now turn to the remaining case; namely ͑3.58͒. To handle, this case, we first note that r Ͼ0, ͑3.61͒
if ͑3.58͒ holds. Indeed, ͑3.58͒ implies that we can find a sequence r n r such that w(r n )ϭ0. Then ͑2.1͒ gives r n AЈ͑r n ͒ϩ"1ϩ2wЈ 2 ͑ r n ͒…A͑ r n ͒ϭ1Ϫ 1 r n 2 , and since the left side is bounded ͑Proposition 10͒, it follows that ͕1/r n 2 ͖ is also bounded, and this proves ͑3.61͒. Proposition 17: It is impossible for ͑3.58͒ to hold. Proof: If ͑3.58͒ holds, then we can find an ⑀,
such that either lim r r w(r) Ͼ 2⑀, or lim r r w(r) Ͻ Ϫ2⑀. Without loss of generality, let us assume that the former inequality holds; cf. Fig. 9 .
Thus there exist sequences of points ͕a n ͖ and ͕b n ͖, such that
w͑a n ͒ϭ0, w͑b n ͒ϭ2⑀, ͑3.63͒
and if a n ϽrϽb n , then w͑a n ͒Ͻw͑ r ͒Ͻw͑ b n ͒, ͑3.64͒ and finally, wЈ͑r ͒Ͼ0; ͑3.65͒
see Fig. 9 . We note that the intervals [a n ,b n ] are all disjoint from each other.
Lemma 18: There exist ␦Ͼ0, Ͼ0, and an integer NϾ0, and sequences ͕c n ͖, ͕d n ͖, defined for nуN, a n рc n Ͻd n рb n , ͑3.65͒
such that if r satisfies c n рrрd n , then
A͑r ͒ is of one sign, ͑3.66͒
͉͑r ͉͒у, ͑3.67͒
w͑d n ͒Ϫw͑ c n ͒у␦.
͑3.68͒
Before giving the proof, we shall need a few lemmas. We begin with the following easy result. Thus there exists a , 0ϽϽ⑀ such that if 0ϽrϪr Ͻ, then ⌽͑A,w,r ͒Ͼ.
͑3.69͒
Now we only consider those n for which b n Ͻr ϩ; ͓cf. ͑3.62͔͒. Then with I n ϭ[a n ,b n ], we apply Lemma 20 to conclude that ͑3.65͒-͑3.68͒ hold, with ␦ϭ⑀/2. ⌽͑A,w,r ͒ϽϪ.
͑3.70͒
Again, we only consider those n for which b n Ͻr ϩ. Now as 0рw(r)р2⑀ if a n рrрb n , we choose b n Ј such that w(b n Ј) ϭ min(,2⑀). Then ⌽(r)ϽϪ on the interval ͓a n ,b n Ј͔. Another application of Lemma 20 shows that we can achieve ͑3.65͒-͑3.68͒.
Finally, consider the case r ϭ1. Consider w satisfying ⑀рwр2⑀. Then for these w,
since ⑀Ͻ1/4. Thus, if r is sufficiently close to 1, say 0ϽrϪ1Ͻ, then ⌽(A,w,r)Ͼ. Taking n so large that b n Ͻr ϩ, and defining c n by w(c n )ϭ⑀, and setting d n ϭb n , we see that Lemma 20 again applies, and we can achieve ͑3.65͒-͑3.68͒. This completes the proof of Lemma 18. We now can give the following proof.
Proof of Proposition 17:
From Lemma 18, we see that we have infinitely many intervals,
, where ͑3.66͒-͑3.68͒ hold on J n . We now consider two cases.
Case a. For infinitely many intervals J n ,
Case b. For all but a finite number of intervals J n ,
The proof is somewhat involved, so before giving the details, we shall discuss the strategy. Integrating this from ␣ to gives
2 L/⌬рm, and this contradicts ͑3.83͒. Thus the lemma is proved if we are on J ϩ , and both ͑3.78͒ and ͑3.79͒ hold.
Now suppose that we are on J Ϫ , and both ͑3.78͒, and ͑3.79͒ hold. It is clear that in this case the same proof works; we merely substitute Ϫ␤ for ␣ and Ϫ␣ for ␤.
Next, consider the case where wЈϽ0, ͑on J ϩ or J Ϫ ͒, and ͑3.79͒ holds. Note that if (A,w) is a solution of ͑2.1͒, ͑2.2͒, then so is (A,Ϫw). Also, if (A,w) satisfies the hypotheses of the lemma, so does (A,Ϫw); this shows that the case wЈϽ0 is reduced to the case wЈϾ0.
Finally, suppose that AϽ0, on J ͑where JϭJ ϩ or J Ϫ ͒. We extend the functions A and w to ϪJ by defining "A͑Ϫr ͒,w͑ Ϫr ͒…ϭ"A͑ r ͒,w͑ r ͒…, rJ.
Since ⌽(Ϫr)ϭϪ⌽(r), we see that A⌽Ͼ0 on ϪJ. Thus, applying what we have already proved to ϪJ gives that (ϪA,Ϫw) satisfies the conclusions of the lemma, and hence so does (A,w). This completes the proof of Lemma 21.
We now return to the proof of Proposition 17. For this, we shall use Lemmas 18 and 21. Thus, choose n so large that b n Ͻ2r ; cf. ͑3.62͒. Now we apply Lemma 21 to the intervals J n ϭ[c n ,d n ]; the hypotheses of Lemma 21 are valid because of Proposition 10, and ͑3.65͒-͑3.67͒, of Lemma 18. We conclude that for large n, d n Ϫc n у, where is independent of n. Thus for large n, b n Ϫa n у, and this contradicts ͑3.62͒. The proof of Proposition 17 is complete.
We now return to the proof of Theorem 1. For this, recall that from Corollary 5, we have that for r near r , one of the following must hold: either w 2 (r)Ͻ1, or w(r)Ͼ1, or w(r)ϽϪ1. In view of Propositions 16 and 17, the orbit "w(r),wЈ(r)… cannot have infinite rotation about ͑0,0͒; thus for r near r, we may assume that the orbit does not cross wϭ0. We shall show that in all of the above cases both A and wЈ are each of fixed sign for r near r , and then Proposition 15 will complete the proof of Theorem 1.
To carry out this program, we first note that for r near r , we cannot have both A(r)ϭ0ϭwЈ(r). Indeed, for r near r , our above remarks imply that (uw)(r) 0, so that ͑2.2͒ implies that not both A(r) and wЈ(r) can be zero. Similarly, not both A(r) and AЈ(r) can be zero for some rϾr , since if this were so, ͑2.6͒ implies ⌽(r)ϭ0 so ͑2.7͒ would give the contradiction (uw)(r)ϭ0. Now let us denote the region wϽϪ1 by aϭa ϩ ഫa Ϫ ͑cf. 
Ͻ0,
and this proves the lemma. We can now complete the proof of Theorem 1. Namely, if r is near r , then we have (uw)(r) 0. Thus the last lemma shows that v changes sign at every zero. Since v can have at most one sign change in each of the regions a, b, c, or d, A, and wЈ can have at most one sign change between them. Thus for r near r , A and wЈ each are of fixed sign. As we have noted above, Proposition 15 completes the proof of Theorem 1.
